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Abstract 

In this paper, we consider the global existence and blowup phenomena of the 
following Cauchy problem 

-iu t = Au-V(x)u + f(x, \u\ 2 )u+(W*\u\ 2 )u, t > 0, 

u(x,0) =u (x), lei", 

where V(x) and W(x) are real-valued potentials with V(x) > and W is even, 
f(x, \u\ 2 ) is measurable in x and continuous in \u\ 2 , and uq{x) is a complex-valued 
function of x. We obtain some sufficient conditions and establish two sharp thresh- 
olds for the blowup and global existence of the solution to the problem. These re- 
sults can be looked as the supplement to Chapter 6 of [3J- In addition, our results 
extend those of [17] and improve some of [15] . 

Keywords: Nonlinear Schrodinger equation; Global existence; Blow up in 
finite time; Sharp threshold. 
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1 Introduction 

In this paper, we are interested in the global existence and blowup phenomena of 
the following Cauchy problem 



-iu t = Au- V(x)u + f{x, \u\ 2 )u + iW * \u\ 2 )u, x G R^, t > 0, 
it(z,0) = uoix) G E, x G 



N (1-1) 



where V(x) and W(x) are real-valued potentials with V(x) > and W is even, fix, \u\ 2 ) 
is measurable in x and continuous in |ii| 2 , and uoix) is a complex-valued function of x, 
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and S is a natural Hilbert space: 

E = {u G ff 1 ^) : / V(x)|n| 2 dx < +00} (1.2) 
with the inner product 

<ip,ip>= / [99^ + Vtp ■ V4> + V{x)if4>}dx (1.3) 

and the norm 



Mil 



/ [\u\ 2 + \Vu\ 2 + V(x)\u\ 2 ]dx. (1.4) 



The model (jl.ip appears in the theory of Bose-Einstein condensation, nonlinear optics 
and theory of water waves (see[U El El El El [T3]). 

In convenience, we will give some assumptions on V, f and as follows. 

(VI) V(x) > and V G L^M^) + L 00 ^) for r > 1, r > f or 

(V2) V(a;) G Sf , V(a;) > and \D a V\ is bounded for all |a| > 2. Here Sf is the 
complementary set of Si = {V(x) satifies (V^l)}. 

(fl) / : M. N X R — > R is measurable in rr and continuous in \u\ 2 with f(x,0) = 0. 
Assume that for every k > there exists < +00 such that \f(x,si) — f(x,S2)\ < 
L(fc)|si — S2I for all < si < S2 < k. Here 



L(k) G C([0, 00)), if JV = 1 

L(Jfe) < C(l + fc a ) with < q < if iV > 2. 



(1.5) 



(Wl) W is even and W G L q (R N ) + L°°(IR iV ) for some q > 1, g > f . 
Denote (Ar i 2) + = +00 when JV = 1, 2 and (iV - 2)+ = N - 2 when N > 3. 
First, we consider the local well-posedness of (jl.ip . We have a proposition as 
follows. 

Proposition 1.1. (Local Existence Result) Assume that (fl) and (Wl) are true, 
V(x) satisfies (VI) or (V2), uq G S. TTien i/iere exists a unique solution u of on 
a maximal time interval [0,T max ) such that u G C(S; [0,T max )) and either T max = +00 
or e/se 

T max < +00, lim ||u(-,i)||s = +00. 

i ^max 

Definition 1.1. // u G C(S; [0, T)) iyif/i T = 00, we say that the solution u of 
( CPP exists globally. If u G C(E; [0,T)) u>i£/i T < +00 and lim^-p ||n(-,t)|[s — >• +oo, 
we say t/iat the solution u of blows up in finite time. 

Our main topic is the global existence and blowup phenomena of the solution to 
(jl.ip . which is directly motivated by [3]. Since Cazevave established some results on 
blowup and global existence of the solutions to (jl.ip with (VI), (fl) and (Wl) in [3], we 
are interested in the parallel problems such as: What are the results about the blowup 
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and global existence of the solutions to (jl.ip with (V2), (fl) and (Wl)? How can we 
establish the sharp threshold for global existence and blowup of the solution to (jl.ip ? 

About the topic of global existence and blowup in finite time, there are many results 
on the special cases of (jl.ip . However, we only cite some very related references which 
only gave some sufficient conditions on global existence and blowup of the solution to 
the special case of (jl.ip . We will show how all the cited results give coherence and 
connection to our paper below. A special case of (jl.ip is 

f -iut = Au + f(\u\ 2 )u, xeR N ,t>0, 

I u(x, 0) = U q(x), xeR N . V ' ; 

In [7J, Glassey established some blowup results for (jl.6p . In p], Berestyki and Cazenave 
established the sharp threshold for blowup of (jl.6p with supercritical nonlinearity by 
considering a constrained variational problem. In [16], Weinstein presented a relation- 
ship between the sharp criterion for the global solution of (jl.6p and the best constant 
in the Gagliardo-Nirenberg's inequality. In [3], Cazenave and Weisseler established 
the local existence and uniqueness of the solution to (jl.6p with f(\u\ 2 )u = \u\^u. 
Very recently, Tao et al. in [15J studied the Cauchy problem (jl.6p with f(\u\ 2 )u = 
fi\u\ pi u + u\u\ P2 u, where fi and v are real numbers, < p\ < P2 < with iV > 3. 
This type of nonlinearity brings the failure of the equation in (I1.6P to be scale invariant 
and it cannot satisfy the conditions of the blowup theorem in [7] in some cases. Tao 
et al. established the results on local and global well-posedness, asymptotic behavior 
(scattering) and finite time blowup under some assumptions. These papers above have 
given some sufficient conditions on global existence and blowup of the solution or estab- 
lished the sharp threshold for the special case of (jl.6p . Naturally, we want to establish 
a new sharp threshold for global existence and blowup of the solution to (jl.6p in this 
paper, which will generalize or even improve these results above. 
The following Cauchy problem 

f -iut = \Au - V{x)u + \u\ p u, xeR N , t > 0, 

| u(x,0) = u {x), xeR N ^ ' ' 

is also a special case of (jl.ip . If p < jj, in [13], Oh obtained the local well-posedness and 
global existence results of (jl.7p under some conditions on V(x). If jj* < p < ^ N ^ 2 )+ ' 
in |17j . Zhang established a sharp threshold for the global existence and blowup of 
the solutions to (jl.7p with V{x) = \x\ 2 . Another special case of (jl.ip is the following 
Cauchy problem of Schrodinger-Hartree equation: 



-iu t = Au + (W -k \u\ 2 )u, xeR N , t>0, 
u(x, 0) = uq(x), x £ 



Using a contraction mapping argument and energy estimates, Hitoshi obtained the local 
and global existence results on (|1.8|) in [S] . More recently, Miao et al. studied the global 
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well-posedness and scattering for the mass-critical Hartree equation with radial data in 
[TT] and global well-posedness, scattering and blowup for the energy-critical, focusing 
Hartree equation with the radial case in [12]. And in [TO], Li et al. also dealt with 
the focusing energy-critical Hartree equation, they prove that the maximal- lifespan 
/ = R, moreover, the solution scatters in both time directions. However, there are few 
results on the sharp threshold for global existence and blowup of the solution to (J1.8P . 
Therefore, we want to establish a sharp threshold for global existence and blowup of 
the solution to (II. 8p under some conditions. 

Now we will introduce some notations. Denote 

r\u\ 2 i r 

F(x,\u\ 2 ) = f(x,s)ds, G(\u\ 2 ) = - (W*\u\ 2 )\u\ 2 dx (1.9) 
Jo 4 Jk n 

h(u) = -V(x)u + f{x, \u\ 2 )u + (W * |u| 2 )u, (1.10) 

H( u ) = -\f V(x)\u\ 2 dx + \ [ F(x,\u\ 2 )dx + ] [ (W * \u\ 2 )\u\ 2 dx. (1.11) 
2 Jm 2 Jr n 4 J r n 

Mass(L 2 norm) 

M(u):=(f \u(x,t)\ 2 dx] 2 ; (1.12) 
\Jr n J 

Energy 

E(u):=- ( (\Vu\ 2 + V(x)\u\ 2 )dx - - [ F(x, \u\ 2 )dx - ~ / (W * \u\ 2 )\u\ 2 dx. 
2 Jm N 2 Jr n 4 J r n 

(1.13) 

In [3], Cazenave obtained some sufficient conditions on blowup and global existence 
of the solution to (jl.ip with (VI), (fl) and (Wl). The following two theorems can be 
looked as the parallel results to Corollary 6.1.2 and Theorem 6.5.4 of [3] respectively. 

Theorem 1. (Global Existence) Assume that uq £ S, (V2) and (fl) are true, 

and 

W + G L q (R N ) + L°°(R N ) (1.14) 

for some q > 1, q > yfanfi q > 1 if N = 2). Here W + = max(W, 0). Suppose 
further that there exist constants c\ and C2 such that F(x, \u\ 2 ) < c\\u\ 2 + C2\u\ 2p+2 with 
< p < jr. Then the solution of M.l\) exists globally. That is, 

,t)\\-z < +oo for all < t < +oo. 



Theorem 2. (Blowup in Finite Time) Assume that uq 6 E, \x\uq G L 2 (R n ), 
(V2), (fl) and (Wl) are true. Suppose further that 

(N + 2)F(x, \u\ 2 ) - N\u\ 2 f(x, \u\ 2 ) < 0, (1.15) 

2V(x) + (x ■ VF) > a.e., (1.16) 

2W(x) + (x • VW) < a.e. (1.17) 
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If (1) E(u ) < or (2) E(u ) = and 9 J RN (x ■ Vu )u dx < 0, 

then the solution of will blow up in finite time. That is, there exists T max ^ 

such that 

lim t) ||s = oo. 

ax 

Denote 



Q(u):=2[ \Vu\ 2 dx- [ (x- VV)\u\ 2 dx 
Jr n Jr n 



+ N I [F(x, \u\ 2 ) - \u\ 2 f(x, \u\ 2 )]dx + l [ ((x ■VW)*\u\ 2 )\u\ 2 dx. (1.18) 
We will establish the first type of sharp threshold as follows. 

Theorem 3. (Sharp Threshold I) Assume that V(x) = and W 6 L q (R N ) with 
lj < q < Y ■ Suppose further that f(x,0) = and i/iere exist constants 01,02,03 > 
and < Pi,P2,l < (jv_2)+ suc h that 

lF(x, \u\ 2 ) < \u\ 2 f(x, \u\ 2 ) - F(x, \u\ 2 ) < Cl \u\ 2pi+2 + c 2 \u\ 2p ' 2+2 , (1.19) 
NlW(x) + (a • VW) < < c 3 W{x) + (x • VW). (1.20) 

Lei uj be a positive constant satisfying 

dr:= inf MMI2 + E(u)) > 0, (1.21) 

{« G £\{0};Q(«)=0} 

where Q(u) is defined by H.18\) . Suppose that uq £ Lf 1 (M iV ) satisfies 

^ll^olll + E(uq) < dj. 

Then 

(1) . If Q(uq) > 0, the solution of exists globally; 

(2) . If Q(uq) < 0, \x\uq G L 2 (Wt N ) and 9 J r jv(x ■ Vuo)uodx < 0, i/ie solution of 
blows up in finite time. 

Remark 1.1. Theorem 3 is only suitable for (|1.1|) with V(x) = 0. To establish the 
sharp threshold for (|1.1|) with V{x) 7^ 0, we will construct a type of cross constrained 
variational problem and establish some cross- invariant manifolds. First, we introduce 
some functionals as follows: 

I w {u)=u\\u\\ 2 2 + E(u), (1.22) 
S u {u) = 2u\\u\\ 2 2 + [ {\Vu\ 2 + V{x)\u\ 2 - f(x, \u\ 2 )\u\ 2 - (W * \u\ 2 )\u\ 2 } dx. (1.23) 

Denote the Nehari manifold 

N := {u € E \ {0}, S u (u) = 0}, (1.24) 
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and cross-manifold 

CM := {u G £ \ {0}, Su(u) < 0, Q{u) = 0}. (1.25) 

And define 

dM'-MIuiu), (1.26) 

N 

d M := inf J w (u), (1.27) 
Of 

d// := min(cijv', djw)- (1.28) 

In Section 5, we will prove that dn is always positive. Therefore, it is reasonable 
to define the following cross-manifold 

K : = {u G £ \ {0} : I u (u) < djj, S^u) < 0, Q(«) < 0}. (1.29) 

We give the second type of sharp threshold as follows 

Theorem 4. (Sharp Threshold II) Assume that (fl), (Wl) and U.19\) . Suppose 

that 

W(x) > 0, NlW(x) + (x ■ VW) < (1.30) 

and there exists a positive constant c such that 

NlV(x) + (x ■ W) > cV(x) > (1.31) 

with the same I in I11.19\) . Assume further that the function f(x, \u\ 2 ) satisfies f(x, 0) = 
and 

f(x, \u\ 2 ) < f(x, k 2 \u\ 2 ), f' s (x, k 2 \u\ 2 ) < f'six, \u\ 2 ), (1.32) 
F(x, k 2 \u\ 2 ) - k 2 \u\ 2 f(x, k 2 \u\ 2 ) < k 2 [F(x, \u\ 2 ) - \u\ 2 f(x, \u\ 2 )} (1.33) 

for k > 1. Here f' s (x, z) is the value of the partial derivative of f(x, s) with respect to s at 
the point (x,z). Ifuo G S satisfies \x\uq G L 2 (K n ) and Iw(uo) = u\\uq\\2 + E(uo) < dn, 
then the solution of U.l\) blows up in finite time if and only if uq G /C. 

Remark 1.2. (1) f(x, \u\ 2 ) < f(x, k 2 \u\ 2 ) implies that k 2 F(x, \u\ 2 ) < F(x, k 2 \u\ 2 ) 
for k > 1. 

(2) The blowup of solution to (11.11) will benefit from the condition V(x) > 0. In 
some cases, the blowup of the solution to (jl.ip can be delayed or prevented by the 
introduction of potential(see [2] and the references therein). 

This paper is organized as follows: In Section 2, we will prove Proposition 1.1, 
recall some results of [3] and give some other properties. In Section 3, we will prove 
Theorem 1 and 2. In Section 4, we establish the sharp threshold for (jl.ip with V(x) = 0. 
In Section 5, we will prove Theorem 4. 
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2 Preliminaries 



In the sequel, we use C and c to denote various finite constants, their exact values 
may vary from line to line. 

First, we will give the proof of Proposition 1.1. 

The proof of Proposition 1.1: If (VI) is true, then there exist V\(x) E L r (M. N ) 
with r > 1, r > f , and V 2 (x) G L°°(R N ) such that 

V(x) = Vi(x) + V 2 (x). 

Noticing that < -^j < j^r^, using Holder's and Soblev's inequalities, we have 

/ V(x)\u\ 2 dx = I V l {x)\u\ 2 dx+ [ V 2 (x)\u\ 2 dx 
Jr n Jr n Jr n 

<( f \V(x)\ r dx) r ( [ \u\^dx] +C [ \u\ 2 dx 



< C / \S7u\ 2 dx + C I \u\ 2 dx (2.1) 
JR N Jr n 

for any u G -fT 1 (M Ar ). Consequently, we have 

IMIffi < H^lls < C||n|| j^-i , 

which means that S = H X (WL N ) if V G L r (R N ) + L°°(R N ) for r > 1, r > f . By 
the results of Theorem 3.3.1 in [3], we have the local well-posedness result of in 

If (V2), (fl) and (Wl) are true, similar to the proof of Theorem 3.5 in [13] . we can 
establish the local well-posedness result of (11.11) in S. Roughly, we only need to replace 
|it| p+1 u by f(x, \u\ 2 )u + (W -k \u\ 2 )u in the proof, and we can obtain the similar results 
under the assumptions of (V2), (fl) and (Wl). We omit the detail here. □ 

Noticing that Qh(u)u = and h(u) = H'(u), following the method of [7] and the 
discussion in Chapter 3 of [3], one can obtain the conservation of mass and energy. We 
give the following proposition without proof. 

Proposition 2.1. Assume that u(x,t) is a solution of Then 

1 i 

2 / r \ 2 



M{u)=\ / \u(x,t)\ 2 dx) = / \u Q (x)\ z dx) = M(u ), 
\Jr n J \Jr n J 

E(u) = - f {|Vn| 2 + V(x)\u\ 2 - F{x, \u\ 2 )} dx - G(\u\ 2 ) = E(u ) 
2 Jrn 

for any < t < T max . 

We will recall some results on blowup and global existence of the solution to (jl.ip 
with (VI), (fl) and (Wl). 
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Theorem A (Corollary 6.1.2 of [3]) Assume that (VI), (fl) and \1. 11$ . Suppose 

_2_ 

N 

F(\u\ 2 ) < A\u\ 2 (l + \u\ 2p ). (2.2) 



that there exist A > and < p < j? such that 



Then the maximal strong H 1 -solution of is global and sup{||tt||#i : t G M} < oo 

for every uq € H 1 (M, N ). 

Theorem B (Theorem 6.5.4 of [3J) Assume that (VI), (fl), (Wl) and HH5\) - 
[TJ1\ ). Ifu G H 1 (R N ), \x\u G L 2 (R N ) and E(u ) < 0, then the ^-solution of / TO) 
will blow up in finite time. 

Let J(t) = L w |x| 2 |u| 2 <ix. After some elementary computations, we obtain 

J'(t) = 43? / {(x ■ Vu)udx, J"(t) = 4Q(u). 



We have the following proposition 

Proposition 2.2. Assume that u(x,t) is a solution of U.l\) with uq G £ and 



x\uq G L 2 (M. ). Then the solution to ( GUP wZZ Wow up m finite time if eith 

(1) there exists a constant c < such that J"(t) = AQ(u) < c < or 

(2) J"(t) = AQ(u) < and J'(0) = 9? J RN (x ■ Vu Q )u Q dx < 0. 
Proof: Since uq G £ and |x|uq G L 2 (M Ar ), we have 



| J' (0)| < 4 / |(x?Zo||Vuo)|o?x < 8 / (|Vnio| 2 + \xu w \ 2 )dx < +oo. 

(1) If J"(i) < c < 0, integrating it from to t, we get J'(i) < ct + J'(0). Since 
c < 0, we know that there exists a to > max(0, ^rjr-) such that J'(t) < J' (to) < for 
t > to- On the other hand, we have 

< J(t) = J(t ) + f* J'(s)ds < J {t Q ) + J'(t )(t - t ), (2.3) 

which implies that there exists a T max < +oo satisfying 



lim J(t) = 0. (2.4) 

" J- max 



Using the inequality 



|<?|||<^||V 5 || 2 |M| 2 if 5 G H 1 (W N , xg G L 2 (M. N ) (2.5) 



and noticing that ||u(-,t)||2 = 1 1 -uo 1 1 2 , we have 

lim ||"u||£ = +oo. 

(2) Similar to (|2.3|) . we can get 

< J(t) < J(0) + J'(0)t, 
which implies that the solution will blow up in a finite time T max < Jj^q) • D 
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3 The sufficient conditions on global existence and blowup 
in finite time 



In this section, we will prove Theorem 1 and 2, which give some sufficient conditions 
on global existence and blowup of the solution to (II. lj) . 

The proof of Theorem 1: Letting W + = W\ + W 2 , where W\ G L°° and 
W 2 £ L q with q > using Holder's and Young's inequalities, we obtain 



(W 2 * (uv))wzdx < \\W2WL1 \\ u \\L r \\v\\L r IMl£ r \\z\\l t 

with r = 2^rr- Especially, we have 

I {W 2 *\u\ 2 )\u\ 2 dx<\\W 2 \\ Lq \\u\\i r . (3.1) 
Jr n 

Using (|3. 1 1) and Gagliardo-Nirenberg's inequality, we get 



(W*\u\ z )\u\ z dx < [|Wi||ioo||u||* 2 + H^IMM! 4, 

JV Aq—N 

< \\Wi II u\\ 4 L 2 + C\\W 2 II Vnll^HuH^ 9 . (3.2) 



Using Young's inequality, from (|3.2p . we have 

JV Aq-N 8q-2N 

C\\W 2 \\ L q\\Vu\\l 2 \\u\\ L2 q <s\\Vu\\ 2 L2 +C(e,\\W 2 \\ L q)\\u\\lr N (3.3) 

for some e > 0. Noticing that F(x, \u\ 2 ) < ci\u\ 2 +c 2 \u\ 2p+2 , using Gagliardo-Nirenberg's 
inequality and (|3.3p with e = \ , we get 

E(uo) = U[ {\Vuo\ 2 + V(x)\u \ 2 -F(x,\ Uo \ 2 )}dx] -- [ (W * \u \ 2 )\u \ 2 dx 
2 \Jrk J 4 J m jv 

1 ( 1 {\Vu\ 2 + V(x)\u\ 2 -F(x, \u\ 2 )}dx) - - j {W *\u\ 2 )\u\ 2 dx 



2 \Jrn ) 4 

- 5 (/ ^ |v,u|2 + F ( x )l u l 2 " Cl ^ 2 ~ °M 2p+2 } dx 



JV Aq — N 



> 

- 2 



i\\l°°\\u\\ 4 L 2 - C\\W 2 \\ Lq \\Vu\\l 2 \\u\\ L2 

- / {|Vu| 2 + U(x)| u| 2 — ci|u| 2 } dx 
2 \./rw 



pJV 2+p(2-JV) 
9 \ 2 ( f , ,0 ^ 2 



c 2 Cn / |V<dx / |u|^x 



1 



l|Wi|| £ -Hlt>-4llV«||i a -C\\u\\%- N . (3.4) 
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Since ||it||2 = 1 1 -uo 1 1 2 , from (|3.4p . we can obtain 

8-2JV 

4B(«o) + CIKHis + C||«o||i a + Choll^ 
>[ V(x)\u\ 2 dx+ f \Vu\ 2 dx I 1 -c( / |Vn| 2 dxl 2 V (3.5) 

Since p < j? means that ^- — 1 < 0, (13, 5p implies that is always controlled by 

8-2JV 

AE(uo) + C\\uo\\ 2 L2 +C\\uo\\l 2 +C\\u \\ 2 I X N • That is, the solution of jrTJ exists globally. 
□ 

Remark 3.1. We will give some examples of V(x), f(x, \u\ 2 ) and W(x). It is easy 
to verify that they satisfy the conditions of Theorem 1. 

Example 1. V(x) = \x\ 2 , W{x) = e~ n ^ 2 and f(x, \u\ 2 ) = b\u\ 2p with 6 is a real 
constant and < p < jj. 

Example 2. V(x) = \x\ 2 , W(x) = and f(x, \u\ 2 ) = %[ 2 Pln(l + \u\ 2 ) with b 

is a real constant and < p < jj. 

The proof of Theorem 2: Set 

y (t) = J'(t) = 49 / (x ■ Vu)udx. (3.6) 
Jr n 

Using ([T7T5]> - (fTTTT|> . we have 

y '(t) = 8 [ \X7u\ 2 dx-4 [ {x-VV)\u\ 2 dx 
Jr n Jr n 

+ 47V / [F(x, \u\ 2 ) - \u\ 2 f(x, \u\ 2 )]dx + 2 {{x ■ VW) * \u\ 2 } \u\ 2 dx 
Jr n Jr n 

= 16E(u) + 4 / ([-2V(x) - (x ■ VV)]\u\ 2 + [(N + 2)F(x, \u\ 2 ) - N\u\ 2 f(x, \u\ 2 )}) dx 

+ 2 [{2W + (x ■ VW)} * \u\ 2 ]\u\ 2 dx < 16E(u) = 16E(u ) < 0. (3.7) 
Jr n 

Prom (|3.6p and (|3.7p . we obtain 

\\xu(x,t)\\ 2 L2 < \\xuq\\ 2 L 2 + 4tQ? / u (x ■Vu )dx + 8t 2 E(u ). (3.8) 

Jr n 

Since ||xw(x, t)\\ 2 L2 > 0, whether (1) or (2), f|3.8j) will be absurd for t > large enough. 
Therefore, the solution of (jl.ip will blow up in finite time. □ 

Remark 3.2. We will give some examples of V(x), W(x) and f(x, \u\ 2 ). It is easy 
to verify that they satisfy the conditions of Theorem 2. 

Example 1. V(x) = \x\ 2 , W(x) = \x\~ 2 and f(x, \u\ 2 ) = b\u\ 2p with b > and 
P> jf with N > 3. 

Example 2. V{x) = |x| 2 , W(x) = \x\~ 2 and f(x, \u\ 2 ) = b\u\ 2p ln(l + |u| 2 ) with 
b > and p > £ with N > 3. 
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4 The sharp threshold for global existence and blowup of 
the solution to (TTTB with V{x) = and e L ? (E iV ) with 

In this section, we will establish the sharp threshold for global existence and blowup 
of the solution to jH) with V(x) = and W G L q (R N ) with f < g < f . 
The proof of Theorem 3. We will proceed in four steps. 
Step I. We will prove di > 0. u G H 1 ^) \ {0} and Q(u) = mean that 

2 I \Vu\ 2 dx = N ( [\u\ 2 f(x,\u\ 2 )-F(x,\u\ 2 )]dx-- [ {(x ■ VW) * \u\ 2 }\u\ 2 dx 
Jr n Jr n 2 J r n 

N ( l + 1 ) f r„ .L.|2pi+2 , „ I, .2P2+21 . , r [ rW^U*|2M„|2, 



< V / [ci|ur i+ ' + c 2 |ur 2+ ^x + C / (W*H 2 )H i! da; 

< C7||«||£+3 + C||u||jg}* + C||W||x. HI* 4^ . 
Using Gagliardo-Nirenberg's and Holder's inequalities, we can get 



Npi ... „o, „. i 1 Npx „ /M _ „9vJ![?2.,„ ll2r „ I 1 ^P2 

2) 

2^SL ... . n. 4g-JV 



2 < C(||V«||1) V + C(||V«||1) V (||u" 2 ^+ ] 



+ C(||Vn||^)^(||u||^) — 
< C { (||V U || 2 + |M| 2 ) Pl+1 + + |M|^ 2+1 + (||V«||1 + \\u\\ 2 ) 2 } . 

That is, 

l|V«||a + Nil > C > (4.1) 

if Q{u) = and u G H 1 (R N ) \ {0}. 

On the other hand, if Q(u) = 0, we have 

2 I \Vu\ 2 dx = NI [\u\ 2 f(x,\u\ 2 ) - F(x,\u\ 2 )]dx -- I {(x ■ VW) * \u\ 2 }\u\ 2 dx 
Jr n Jr n 2 J r n 

>Nl I F(x, \u\ 2 )dx + — [ {W *\u\ 2 }\u\ 2 dx, 
Jr n 2 J r n 

that is, 

~f F(x, \u\ 2 )dx- \ [ {W*\u\ 2 }\u\ 2 dx > f \Vu\ 2 dx. (4.2) 

2 Jrn 4 J r n Nl J r n 

Using (|4.2|) . we can obtain 

+ = + - / \Vu\ 2 dx--j F(x,\u\ 2 )dx - - -/ {VF * |n| 2 }|ii| 2 da; 

> + (J- ^t) / |Vu| 2 dx 

2 iVt Jrn 

> min{a;, (i - i)} (||Vu|| 2 + |M| 2 ) > C> 
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from (|4.ip . Hence 

di > 0. 

Step 2. Denote 

= {u G ff 1 ^) \ {0}, Q(u) > 0, + E(u) < d 7 } 

and 

K- = {u G ff 1 ^) \ {0}, Q(u) < 0, + E(u) < dj}. 

We will prove that K + and K_ are invariant sets of ([1.1)1 with V(cc) = and W G 
^(M^) with f < g < f . That is, we need to show that u{-,t) G K for all t G (0, r max ) 
if «o G K + . Since 1 1 1 1 2 and E(u) are conservation quantities for (jl.ip . we have 

G^ 1 (M JV )\{0}, w||u(-,t)||l +E(u(-,t)) < di (4.3) 

for all t G (0,T max ) if uq G K+. We need to prove that Q(u(-,t)) > 0. Otherwise, 
assume that there exists a t\ G (0, T max ) satisfying Q("u(-,ti)) = by the continuity. 
Note that (g3D implies 

u\\u(-,ti)\\l + E(u(-,ti)) < di. 

However, the inequality above and Q{u{-,t\)) = are contradictions to the definition 
of di. Therefore, Q(u(-,t)) > 0. Consequently, (|4.3jl and Q(u(-,t)) > imply that 
u(-,t) G K + . That is, K + is a invariant set of CO]) with = and W G L^K^) 

with < q < y- Similarly, we can prove that K- is also a invariant set of (11.11) with 
V(x) = and W G L 9 (M Ar ) with f < g < f . 

Step 3. Assume that Q(uo) > and w||ito||2 + E(uq) < di. By the results of Step 
2, we have Q(u(-,t)) > and + E(u(-,t)) < dj. That is, 

-2||V«(-,*)||1 < -N [ [\u\ 2 f(x, \u\ 2 )-F(x, \u\ 2 )]dx + l [ {(x ■ VW) * \u\ 2 }\u\ 2 dx 
Jr n 2 J r n 

f Nl f 

<-Nl F{x, \u\ 2 )dx- — / {W*\u\ 2 }\u\ 2 dx, 
Jr n 2 J r n 

and 

di > u}\\u{-,t)\\l + ^||V«(-,t)||l - i / F(x,\u\ 2 )dx -\ [ {W-k \u\ 2 }\u\ 2 dx. 
The two inequalities imply that 

wK-,*)||l + (i-^)||v«(-,t)||l<d/. 

which means that 

ll«('>*)lltfi(R") < °°' 

i.e., the solution exists globally. 
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Step 4. Assume that Q{uq) < and a; ||txo 111 + E{uq) < dj. By the results of Step 
2, we obtain Q(u(-,t)) < and + E(u(-,t)) < dj. Hence we get 

J"(t) = 4Q(u) < 0, J'(0) = 49f / (x ■ Vtio)u da; < 0. 

Jul* 

By the results of Proposition 2.2, the solution will blow up in finite time. □ 
As a corollary of Theorem 3, we obtain the sharp threshold for global existence 

and blowup of the solution of (|1.6|) as follows. 

Corollary 4.1. Assume that f(x,0) = and i!.19\) . Let uj be a positive constant 

satisfying 

d'j:= inf (u\\u\\l + E(u)) > 0. (4.4) 

{«SS\{0};Qi(n)=0} V " 

Here 

Qi(u):=2f \Vu\ 2 dx + N [ [F(x, \u\ 2 ) - \u\ 2 f(x, \u\ 2 )]dx. (4.5) 
Jr n Jr n 

Suppose that uq G -fT 1 (M Ar ) satisfies 

w ll u o||i + E(uq) < d'j. 

Then 

(1) . If Qi(uq) > 0, f/ie solution of 111.6}) exists globally; 

(2) . If Q\(uq) < 0, \x\uo G L^R^) and 3 Jmn( x ' Vuo)uoax < 0, i/ie solution of 
il.b}) blows up in finite time. 

Remark 4.1. In Theorem 1.5 of [15], Tao et al. proved that: 

Assume that u(x,t) is a solution of lll.6\) with f(x, \u\ 2 )u = fi\u\ Pl u + v\u\ P2 u, 

where \i > 0, v > 0, < p\ < p2 < with N > 3, S Jwn(x ■ J \7uo)uodx < 0, 

\x\uo G L 2 (W N ) and E(uq) < 0. Then blowup occurs. 

Corollary 4.1 improve the result above. In fact, if f(x, \u\ 2 )u = [i\u\ pi u + v\u\ P2 u, 

then 

Q x {u) = AE{u) - (m + 2) ||< +a ~ {p2 + 2) ||< +2 < E(u), 

hence E(uq) < implies that Qi(uq) < 0. That is, our blowup condition is weaker than 
theirs. On the other hand, our conclusion is still true if < E(uq) < d'j — uj\\uq\\ 2 with 
QiC"o) < 0, 3 J^n(x ■ Vuo)uodx < and \x\uq G L 2 (R n ). In other words, our result is 
stronger than theirs if w||uo||2 + E(uq) < d'j with Qi(uo) < 0, S Jwn(% • Vuo)uodx < 
and \x\u G L 2 (R n ). 

Remark 4.2. We will give some examples of f(x, \u\ 2 ) and W(x). It is easy to 
verify that they satisfy the conditions of Theorem 3. 

Example 4.1. W(x) = 0, f(x, \u\ 2 ) = c\u\ 2qi + d\u\ 2q2 with c < 0, d > and 
Q2 > jj, 12 > Qi > o. 
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Example 4.2. W(x) = 0, f(x, \u\ 2 ) = 6|n| 2 Pln(l + \u\ 2 ) with b > and p > 2. 



N ' 

2\ 



Example 4.3. Let f(x, \u\ ) be one of those in Examples 4.1 and 4.2. And Let 
W(x) = 



IT7VT) \ x \ 1) 



yfaOi i<kl<2, 

4tt, 1x1 > 2, 



where 2 < Nl < — < K , and 92(2;) satisfies 

Nl(p(x) + (x • V93) < < c 3 ip(x) + (x ■ v» 
when 1 < \x\ < 2 and makes W(x) be smooth. Obviously, £ L q (W N ). 

5 Sharp threshold for the blowup and global existence of 
the solution to (11.11) 

Theorem 4 extend the results of |17j to more general case. Moreover, we need 
subtle estimates and more sophisticated analysis in the proof. 

5.1 Some invariant manifolds 

In this subsection, we will prove that djs, d_M,djj > 0, and construct some invariant 
manifolds. 

Proposition 5.1.1. Assume that the conditions of Theorem 4 hold. Then dj^ > 0. 
Proof: Assume that u € £\{0} satisfying S^w) = 0. Using Gagliardo-Nirenberg's 
and Young's inequalities, we have 

2oj\\u\\1+ [\Vu\ 2 + V{x)\u\ 2 ]dx 
Jr n 

2j/ l.|2\j„ 1 / fxxT , L.|2\i .|2. 



I«r/(x,l«r)dx+ / {w*\u\ 2 )\u\ 2 dx 

Jrn 

< 1 -^ I [cilul^^ + cslul^+^x + llWillLoolln^ + ll^ll^llnll 4 4q 

I Jrn L^^t 

< c(\\vu\\ 2 )^(\\ u \\ 2 r +i -^ + c(\\vu\\ 2 )^(\\u\\ 2 r +i ^ 

JV iq — N 

+ llVFillL-llullt + CHWall^llVull^ ||«|| 2 9 

< C(\\Vu\\ 2 )^(\\u\\ 2 r +1 ^ + C(\\Vu\\ 2 2 )^(\\u\\ 2 r +1 -^ i 

+ C\\u\\ 4 2 + \\Vu\\i + C(\\W 2 \\ L<1 )\\u\\l (5.1) 
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Using Holder's inequality, from (|5.ip . we can obtain 

2w|H|!+ f [\Vu\ 2 + V(x)\u\ 2 ]dx 



Pi+1 

< C [ 2u\\u\\l + / [|Vn| 2 + V(x)\u\ 2 ]dx 



P2 + 1 



+ C f 2w||ta[|1 + f [\Vu\ 2 + V(x)\u\ 2 ]dx) 

V Jr n ) 

+ C ( 2uj\\u\\1 + [ [\Vu\ 2 + V(x)\u\ 2 ]dx ) . (5.2) 

V Jm n J 

5.2[) implies that 

MMI1+ / [l Vu ! 2 + V(s)|it| 2 ]da; > C > (5.3) 



for some positive constant C. 

On the other hand, if S u (u) = 0, we get 



w IMl2 + -/' (\Vu\ 2 + V(x)\u\ 2 )dx 
= -/ /(x, \u\ 2 )\u\ 2 dx + \ [ (W*\u\ 2 )\u\ 2 dx 

>min(Z + l,2) (i / F(x,\u\ 2 )dx + \ [ (W * \u\ 2 )\u\ 2 dx ) 
V 2 it" 4 Jr^ / 



From (|5.4|) . we obtain 



(5.4) 



I u (u) = u\\u\\l + - f [|Vu| 2 + V{x)\u\ 2 - F(x, \u\ 2 )]dx - G(\u\ 2 ) 
2 Jrn 

^ mm iwTTy\) (2-IMIi+/ RN [|Vu| 2 + y ( ,)|n| 2 ]^ 

> C > 0. (5.5) 
Consequently, 

dx = miIJu)>C>0. □ 

A/" 

Now, we will give some properties of I^iu), S w (u) and Q(u). We have a proposition 
as follows. 

Proposition 5.1.2. Assume that Q(u) and Saj(u) are defined by \1.18\) and \1.23\) . 

Then we have 

(i) There at least exists a w* G £ \ {0} such that 

S u (w*) = 0, Q(w*) = 0. (5.6) 
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(ii) There at least exists a u* € £ \ {0} such that 

SUu*) < 0, Q(u*) = 0. (5.7) 

Proof: (i) Noticing the assumptions on V(x), W(x) and /(x, |ii| 2 ), similar to the 
proof of Theorem 1.7 in [14], it is easy to prove that there exists a w* € £\{0} satisfying 

2uw* + V(x)w* - Aw* = f(x, \w*\ 2 )w* + (W* \w*\ 2 )w* in R N . (5.8) 

Multiplying (|5.8p by w* and integrating over H. by part, we can get S^w*) = 0. 

Multiplying (|5,8p by (x ■ Vw*) and integrating over ~R N by part, we obtain the 
Pohozaev's identity: 

AMK||| + — / \Vw*\ 2 dx + ^- / V(x)\w*\ 2 dx + i / (x- Vy)|^| 2 (ix 
AT 



2 



/ |u>*| 2 )^ + — / (W*\w*\ 2 )\w*\ 2 dx + - I {{x- VW) *\w*\ 2 }\w*\ 2 dx. 

Jr n 2 J r n 2 J r n 

(5.9) 



Prom S w (w*) = and (15. 9h . we can get Q(w*) = 0. 

(ii) Letting Vk,\{x) = kw*(Xx) for > and A > 0, we can obtain 

S UJ (vk,\) = 2ojk 2 [ \w*(Xx)\ 2 dx + k 2 [ \\7w*(Xx)\ 2 dx + k 2 f V(x)\w*(Xx)\ 2 dx 
Jr n Jr n Jr n 

-k 2 [ \w*(Xx)\ 2 f(x,k 2 \w*(Xx)\ 2 )dx-k A [ (W * \w* (Xx)\ 2 ) \w*(Xx)\ 2 dx, 
Jr n Jr n 

(5.10) 

Q(v ktX ) = 2k 2 [ \Vw*(Xx)\ 2 dx-k 2 [ (x ■ VV)\w* (Xx)\ 2 dx 
JR N Jr n 

-N [ [k 2 \w*(Xx)\ 2 f(x,k 2 \w*(Xx)\ 2 ) - F(x,k 2 \w*(Xx)\ 2 )dx 
Jr n 

7 4 /* 

+ ^7/ {(x-VW)*\w*(Xx)\ 2 )\w*(Xx)\ 2 dx. (5.11) 

Looking S u (vk t \) an d Q( v k,x) as the functions of (A;, A), setting g(k,X) = S u (vfi \) and 
r/(fc, A) = Q(vk,x), we get that g(l, 1) = and 77(1, 1) = 0. And we want to prove that 
there exists a pair of (k, X) such that g(k, A) = S u (vk\) < and 7y(fe, A) = Q(ujt a) = 0. 
Since 77(1, 1) = 0, we know that the image of rj(k, A) and the plane rj = intersect in 
the space of (/c, A, rj) and form a curve rj(k, A) = 0. Hence there exist many positive real 
number pairs (k, A) relying on w* such that Q(vk,\) = near (1, 1) with k > 1. On the 
other hand, under the assumptions of V(x) and W(x), it is easy to see that g(k, 1) < 
for any k > 1. By the continuity, we can choose a pair of (k, A) near (1, 1) with k > 1 
satisfies both Q{vk : \) = and S^Vk^x) < 0. Letting u* = for this (k, A), we get 
that Swfu*) < and Q(«*) = 0. □ 
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Proposition 5.1.2 means that CM is not empty and d_M is well denned. Moreover, 
we have 

Proposition 5.1.3. Assume that the conditions of Theorem 4 hold. Then djw > 

0. 

Proof: u € £ \ {0} and S u (u) < imply that 

2u / \u\ 2 dx+ / [\Vu\ 2 + V(x)\u\ 2 ]dx 
Jr n Jr n 

< [ \u\ 2 f(x,\u\ 2 )dx+ [ (W *\u\ 2 )\u\ 2 dx 



< l+l f [ Cl \u\ 2pi+2 + c 2 \u\ 2 ^ +2 }dx 
Jr n 



I 



JV Aq-N 

+ \\Wi\\ L ^\\u\\\2+C\\W 2 \\ L A\Vu\\l 2 \\u\\ L2 q . (5.12) 
Similar to (|5.ip and (|5.2h . from fj5. 12|) . we have 

2u) I \u\ 2 dx+ I [\Vu\ 2 + V(x)\u\ 2 ]dx > C > 0. (5.13) 

JR N JR N 
On the other hand, if Q(u) = 0, we have 

2 / \Vu\ 2 dx- [ [x- VV)\u\ 2 dx 
Jr n Jr n 

= N f [\u\ 2 f(x, \u\ 2 ) - F(x, \u\ 2 )]dx - \ I {(x- VW) * \u\ 2 }\u\ 2 dx 



u\ dx, 



that is, 



>Nl f F(x, \u\ 2 )dx + - [ {(x ■ VW) * \u\ 2 }\ 
Jr n 2 J r n 



-\ f F(x,\u\ 2 )dx + -±- f {{x- VW)*\u\ 2 }\u\ 2 dx 

2 J R N AIM I J R N 

> -4? / \ Vu \ 2dx + 77^77 / (* • Vy)|n| 2 dx. (5.14) 



NIJ RN ' 1 2iVZ_ 
Using (fl~T9t (QUI) . (OTP . (15331) and (fOTD . we can get 

I u (u)=lj f \u\ 2 dx+- [ [\Vu\ 2 + V(x)\u\ 2 -F(x, \u\ 2 )]dx- \ [ (W * \u\ 2 )\u\ 2 dx 
Jr n 2 Jr n 4 J r n 

>u / [u| 2 (ix + — — / \Vu\ 2 dx + —- / [AW(x) + (x- W)]M 2 dz 

-7777/ {[A r W+(x- Viy)]*|u| 2 } |n| 2 (ix 
4iV7 J R iv 

>C\2bj\ \u\ 2 dx+ I [\Vu\ 2 + V{x)\u\ 2 ]dx ] 

> C > 0. (5.15) 
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Consequently, 



d M = inf I u {u) > C > 0. 



CM 



□ 



By the conclusions of Proposition 5.1.1 and Proposition 5.1.3, we have 



dn = mm{dM,dj\f} > 0. 



(5.16) 



Now we define the following manifolds: 



{u G E \ {0} : I u (u) < d n , S u (u) < 0, Q(u) < 0} 
{u G E \ {0} : Z w («) < djj, < 0, Q(n) > 0} 

{u G E \ {0} : I u (u) < d H , S u (u) > 0}. 



(5.17) 
(5.18) 
(5.19) 



The following proposition will show some properties of /C, /C+ and H+: 

Proposition 5.1.4 Assume that the conditions of Theorem 4 hold. Then 

(i) K,, JC+ and 1Z + are not empty. 

(ii) JC, /C+ and 1Z + are invariant manifolds of 

Proof: (i) In order to prove /C is not empty, we only need to find that there at 
least exists a w G /C. For w* G E \ {0} satisfies S UJ {w*) = and Q(w*) = 0, letting 
w p = pw* for p > 0, we have 



Since f(x, \w*\ 2 ) < f(x,p 2 \w*\ 2 ) and p 2 F(x, \w* | 2 ) < F(x, p 2 \w*\ 2 ) for p > 1 and 
from (|1.33|) . we can obtain 



for any p > 1. Noticing <if/ > 0, we also can choose p > 1 closing to 1 enough such 
that 




S u {w p ) < P 2 SUw*) = 0, Q(w p ) < p 2 Q(w*) = 



(5.20) 



I u (w p ) < p 2 lUw*) < d n . 



(5.21) 
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(|5,20p and (|5.2ip means that w p G /C. That is, fC is not empty. 
Similar to (|5.20p . we can obtain 

S u (w p ) > p 2 S UJ (w*) = 0. (5.22) 

for any < p < 1. Noticing (i// > 0, we also can choose < p < 1 closing to 1 enough 
such that Iu,(w p ) < djj by continuity, which implies that w p £ 7£+. That is, 7?.+ is not 
empty. 

For G S satisfies S^u;*) < and Q(w*) = 0, letting tiv = crw* for <r > 0, we 

have 

Q( Wa ) = a 2 [ (2\Vw* | 2 - (x ■ VV)\w* \ 2 )dx 
Jr n 

- [ N[a 2 \w*\ 2 f{x,a 2 \w*\ 2 ) - F{x,a 2 \w*\ 2 )]dx 
Jr n 

+ -a 4 f { (x ■ VW) * \w* | 2 } \w* \ 2 dx, 
2 Jrn 

Su(w a ) = a 2 [ {2lo\w*\ 2 + \Vw*\ 2 + V(x)\w*\ 2 } dx 
Jr n 

-[ a 2 \w*\ 2 f{x,a 2 \w*\ 2 )dx-a 4 [ (W * \w*\ 2 )\w*\ 2 dx, 
Jrn jRiv 

/„(%) = \a 2 [ {2uj\w*\ 2 + |Vu;*| 2 + V(x)\w*\ 2 } dx 
2 Jrn 

-\ ! F(x,a 2 \w*\ 2 )dx- \a A / (iy*K| 2 )K| 2 dx. 

Since 0(cr) = Q{w a ) is a smooth function of a and Q(w*) = 0, we have 0(1) = 0. 
If 4>'(1) 7^ 0, then there exists a do > such that Q(u a ) = 4>(cr) > for a 6 (l,o"o) 
if o"o > 1 (or cr € (<To, 1) if (To < 1). By continuity, we can choose such <to closing to 1 
enough such that S^iw^) < and I w [w a ) < dn for a € (1,<to) if ctq > l(or <r £ (<to, 1) 
if do < 1). That is, w a G /C+ and /C+ is not empty. 

If 0'(1) = 0, from 0(1) = and </>'(l) = 0, we can respectively obtain 

-N I [\w*\ 2 f(x, \w*\ 2 ) -F(x, \w*\ 2 )]dx 
Jrn 

= -N [ \w*\ 4 f' s (x,\w*\ 2 )dx + l [ {(x- VW)*\w*\ 2 } \w*\ 2 dx 
Jr n 2 J r n 

and 

Q(w*)= f (2\Vw*\ 2 - (s -VV)\w*\ 2 - N\w*\ 4 f' s (x,\w*\ 2 )) dx 

Jrn 

+ / {(x- VW)*\w*\ 2 } \w*\ 2 dx. 
Jr n 
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Letting w a = aw* , we have 

Q(w a ) = a 2 f (2\Vw*\ 2 - (x ■ VV)\w*\ 2 - N\w*\ 4 f' s (x,a 2 \w*\ 2 )) dx 

JVL N 

+ a 4 [ {(x ■ VW) * \w*\ 2 } \w*\ 2 dx 
Jr n 

> a 2 [ (2\Vw*\ 2 - (x ■ VV)\w*\ 2 - N\w*\ 4 f' s (x, \w*\ 2 )) dx 

+ a 4 [ {(x- VW) * \w* | 2 } \w* \ 2 dx 

= a 2 Q(w*) + (a A -a 2 ) [ Ux ■ VW) * \w*\ 2 } \w*\ 2 dx > (5.23) 

Jr n 

for < a < 1. By continuity, we can choose such a closing to 1 enough such that 
Suiiwa) < and Iuj{w a ) < dn. That is to say, w a € /C + and /C + is not empty. 

(ii) In order to prove that AT is the invariant manifold of (jl.ip . we need to show 
that: If no £ /C, then solution u(x,t) of (jl.ip satisfies u(x,t) E K, for any t € [0,T). 

Assume that u(x,t) is a solution of (jl.lj) with no S /C. Then we can obtain 

lM-,t) = E(u{-,t)) +co\\u(-,t)\\ 2 = E(u ) +lo\\u \\ 2 = I^uo) < d n (5.24) 

for t € [0, T). Next we prove that S w (u(-,t)) < for t £ [0, T). Otherwise, by 
continuity, there exists a to £ (0> ^) such that S , w (n(-,to)) = because of S^no) < 0. 
Since ||n(-,£)||2 = ||^o||| an d no G S \ {0}, it is easy to see that n(-,to) £ S \ {0}. 
By the definitions of dj\f and djj, we know that I u (u(-,to)) > d_\f > du, which is a 
contradiction to I u (u(-,t)) < d H for t G [0,T). Hence S u (u(-,t)) < for all t € [0, T). 

Now we only need to prove that Q(u(-,t)) < for t G [0,T). Otherwise, since 
Q(no) < 0, there exists a ii G (0,T) such that Q{u(-,t\)) = by continuity. And 
Suj(u(-,ti)) < means that u(-,ti) G CM. By the definitions of d_M and du, we obtain 
i" w (u(',ii)) > d_M > djj, which is a contradiction to I w (n(-,i)) < djj for t G [0,T). 
Hence Q(u(-,t)) < for all t G [0,T). 

By the discussions above, we know that: u(x,t) G /C for any t G [0,T) if no G /C, 
which means that /C is the invariant manifold of (jl.lD . 

Similarly, we can prove that /C+ and 7£_|_ are also invariant manifolds of (jl.ip . □ 

Remark 5.1.1. By the definitions of djj,dj^f,dj^4, fC, fC + and 1Z + , it is easy to 
see that 

{n G S \ {0} : I u (u) < d H } = K U K+ U K+. 

5.2 The proof of Theorem 4 

The proof of Theorem 4 depends on the following two lemmas. 
Lemma 5.2.1. Assume that the conditions of Theorem 4 hold. Then the solutions 
°f (COP with uq G /C will blow up in finite time. 
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Proof: Since no G /C and K, is the invariant manifold of (jl.ip . we have Q(u(x, t)) < 
0, S UJ (u(x,t)) < and I a; (n(x,t)) < d/j. 

Under the conditions of Theorem 4, we have J"(i) = 4Q(n) < and J'(0) < 0. 
By the results of Proposition 2.2, the solution u(x,t) will blow up in finite time. The 
conclusion of this lemma is true. □ 

On the other hand, we have a parallel result on global existence. 

Lemma 5.2.2. Assume that the conditions of Theorem 4 hold. If uq G /C+ or 
uo G Tt+, then the solutions of exists globally. 

Proof: Case 1: Assume that u(x,t) is a solution of (jl.ip with no G /C+. Since 
/C + is a invariant manifold of (jl.ip . we know that u(-,t) G /C+, which means that 
I w («(•,*)) < (i// and Q(n(-,i)) > 0. Q(u(-,t)) > and (fTTT9l) imply that 

2 / |Vn| 2 dx- / (z • VV)\u\ 2 dx 
Jrn Jr n 

>Nl [ F(x, \u\ 2 )dx - - [ {{x-VW)*\u\ 2 }\u\ 2 dx. (5.25) 
Jr n 2 J r n 

By the definition of I u (u) and using ()5.25j) . we have 

dn > I w (u(-,t)) = uj [ \u\ 2 dx+\ [ [|Vn| 2 + V(x)\u\ 2 ]dx 
Jr n 2 J r n 

-\ I F(x, \u\ 2 )dx - \ [ (W*\u\ 2 )\u\ 2 dx 
2 Jrn 4 J r n 

f , l2 , Nl-2 [ .„ l2 , 
> uj \u\ dx H — — r- — / |Vn| ax 
V r jv 2iV £ V r jv 

-TTTt/ {[iVZW+(x- W)]*|u| 2 }|n| 2 da; 
>C[ f \u\ 2 dx+ [ \Vu\ 2 dx+ [ V(x)\u\ 2 dx J . (5.26) 

(|5.26p means that n(x, i) exists globally. 

Case 2: Assume that u(x,t) is a solution of (jl.ip with no G 7£+. Since 7£ + 
is also a invariant manifold of (jl.ip . we know that u(x,t),£ H+, which means that 
J w (u(-,i)) < (i// and S , a ;(n(-,i)) > 0. Since S w (u) > 0, we can get 

^IMIi+o / (|Vn[ 2 + y(x)|n[ 2 )cfe 

>J/ f(x, \u\ 2 )\u\ 2 dx + \ [ (W*\u\ 2 )\u\ 2 dx 
2 Jrn 2 J R iv 

>min(/ + l,2) (- I F(x,\u\ 2 )dx + \ [ (W * \u\ 2 )\u\ 2 dx) . (5.27) 

V 2 jr^ 4 y R jv j 
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From (|5.27p . we can obtain 



Iu(u) = w\\u 



+ H / 0Vn| 2 + V(x)\u\ 2 - F(x, \u\ 2 )]dx - G(\u\ 
2 Jrn 



>min(-^— L\\ug + ±^J\Vu\ 2 + V(x)\u\ 2 ]dx} . (5.28) 

(|5.28p implies that the solution u(x,t) exists globally. □ 
The proof of Theorem 4: By the results of Lemma 5.2.1, Lemma 5.2.2, we 

know that Theorem 4 is right. □ 
As a corollary of Theorem 4, we obtain a sharp threshold for the blowup in finite 

time and global existence of the solution of (jl.8p as follows 

Corollary 5.1. Assume that f(x, \u\ 2 ) = 0, V{x) = 0, W(x) > for all x G 1^, 

N 
4 

exists I satisfying 2 < Nl and 



W is even and W G L°°(~R N ) + L q (R N ) with some q > Suppose further that there 



NlW{x) + (x ■ VW) < 0. 

Ifuo G H l {R N ), \x\uq G L 2 (R n ) and I u (uq) = w||«o||| + E(uq) < djj, then the solution 
of il.8\) blows up in finite time if and only if uq G K.. 
Remark 5.2.1. A typical example of (jl.8p is 



| -iu t = Au + (\x\- K * \u\ 2 )u, x&R N , t>0, 

| u(x,0) = u (x), x G R N , ^ " ' 

which is also a special case of (jl.ip with V(x) = 0, f(x, \u\ 2 ) = and W(x) = \x\~ K 
with 2<NI<K<y<4. Letting W = W 1 + W 2 with 



\x\>l, 



W 1 (x) = { ^ and W 2 (x) = {^ 



we can see that W x G L°°(R N ) and W 2 G L g (R N ) with some f < g < f . Corollary 
5.1 gives the sharp threshold for blowup and global existence of the solution to (|5.29p . 

We will give some examples of V(x), f{x, |k| 2 ) and W(x). It is easy to verify that 
they satisfy the conditions of Theorem 4. 

Example 1. V(x) = \x\ 2 , W{x) = a\x\~ K with 2 < Nl < K < ^ < 4 for x G 1^ 
and f(x, \u\ 2 ) = b\u\ 2pi + c\u\ 2p2 with a > 0, b > 0, c> and p 2 > Pi > |r- 



Example 2. V(x) = \x\ 2 , W{x) = a\x\~ K with 2 < Nl < K < ^ < 4 for x G 1^ 
and /(x, |it| 2 ) = c|u| 2lJ1 + d|u| 2132 with a > 0, c is a real number, <i > and g 2 > ^ 
q 2 > qi > 0. 

U Q T/f^ — 

T+RF 

N ' 



Example 3. V(x) = jfhv, W(x) = a\x\~ K with 2 < Nl < K < f < 4 for x G 



and /(x, |w| 2 ) = 6|n| 2p ln(l + \u\ 2 ) with a > 0, b > and p > ~ 
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